Insects have evolved diverse and delicate morphological structures in order to capture the inherently low energy of a propagating sound wave. In mosquitoes, the capture of acoustic energy and its transduction into neuronal signals are assisted by the active mechanical participation of the scolopidia. We propose a simple microscopic mechanistic model of the active amplification in the mosquito species Toxorhynchites brevipalpis. The model is based on the description of the antenna as a forced-damped oscillator coupled to a set of active threads (ensembles of scolopidia) that provide an impulsive force when they twitch. This twitching is in turn controlled by channels that are opened and closed if the antennal oscillation reaches a critical amplitude. The model matches both qualitatively and quantitatively with recent experiments: spontaneous oscillations, nonlinear amplification, hysteresis, 2 : 1 resonances, frequency response and gain loss owing to hypoxia. The numerical simulations presented here also generate new hypotheses. In particular, the model seems to indicate that scolopidia located towards the tip of Johnston's organ are responsible for the entrainment of the other scolopidia and that they give the largest contribution to the mechanical amplification.
INTRODUCTION
Hearing organs are deemed to operate at the lower limit of what is physically possible. In effect, the ears of animals, vertebrates and insects alike can detect incoming energy near that of thermal noise (Bialek 1987; Robert & Göpfert 2002) . To capture the inherently low energy of a propagating sound wave, insects have evolved very diverse and delicate morphological structures (Robert & Hoy 2007) . For example, in grasshoppers and moths, energy capture is first mediated by an eardrum, similar to that of vertebrate ears, that converts the acoustic energy of an impinging sound wave into mechanical energy to be conveyed to the mechanosensory receptor cells. In mosquitoes and fruitflies, this task is fulfilled by the animal's antennae. Quite remarkably, the capture of acoustic energy and its transduction into neuronal signals are assisted by the active mechanical and metabolic participation of the cells responsible for the capture of mechanical energy, the mechanoreceptor neurons (Göpfert & Robert 2007) . This active sensing process is analogous to that found in vertebrates (Hudspeth 1997 ) and serves to enhance auditory capacity, thus improving sensitivity and frequency selectivity. In mosquitoes, the antennal shaft constitutes the proper acoustic receiver; it is sensitive to the particle velocity component of the sound field. Antennal hearing organs have recently been shown to feature several nonlinear response characteristics (Jackson & Robert 2006 and references therein) that are deemed to betray the presence of active mechanisms. In effect, because of the experimental amenability, mosquitoes can be regarded as model organisms to study in detail the mechanical and neuronal mechanisms at work in the sense of hearing.
Mosquitoes are generally sensitive to incident sounds in the frequency range between 300 and 500 Hz. For the Tanzanian species Toxorhynchites brevipalpis, best sensitivity has been shown to be between 360 and 400 Hz, mostly as a result of the mechanical resonance of the antenna (Göpfert & Robert 2000) , which responds to impinging sound like a rigid body at these frequencies. Analysis of the deflection shapes of mosquito antennae shows that the antenna acts like a swaying rod with a rotational spring attached at its base. The rotational spring stiffness is in effect significantly lower than the bending stiffness of the antennal shaft itself. The base of the antenna, called the pedicel and containing the mechanosensory Johnston's organ (figure 1), constitutes a joint within which the shaft is articulated; nearly all insect antennae have this structure. The internal structure is much like an umbrella, with the antennal shaft decorated with nearly 60 radial spokes. The spokes are of cuticular origin, yet their exact composition and mechanical characteristics remain uninvestigated. Importantly, they are the link between the antennal acoustic receiver and the sensory neurons detecting sound-induced vibrations. Like an upturned umbrella, Johnston's organ has a radial symmetry, implying that sound incident from any direction can elicit a mechanical response and a neuronal activation. The exact direction sensitivity of mosquito hearing organs is not known, yet the 60-fold radial symmetry suggests the potential for an inherent directionality of at least 68.
The analysis presented here concerns the behaviour of one pair of spokes lining up across the diameter of Johnston's organ, representing both the effects of acoustic forcing coming from one direction only and a natural situation. This simplification enables us to neglect the radial symmetry of the problem. The anatomical cellular arrangement along a radially symmetrical pair of spokes is depicted schematically in figure 1. At approximately evenly spaced distances along the radius, the mechanically sensitive multicellular units, fine thread-like structures known as scolopidia, are connected to the spoke trasversely. The essential element of each scolopidium is either one or a pair of mechanosensory neurons, which transduce the mechanical translation of the spoke into an electrical signal. It has been shown that the mechanical response of the mosquito auditory system displays a series of nonlinear characteristics that are the hallmark of active auditory mechanics (Göpfert & Robert 2003 and references therein) . By analogy to the fruitfly Drosophila melanogaster, the mosquito auditory organ has been suggested to employ the active, contractile properties of scolopidial mechanosensory neurons to enhance acoustic sensitivity and frequency selectivity. The concomitant function of the auditory sensory neurons as sensors and actuators is unique among animals (Eberl 1999 ) and the mechanisms subtending such functions remain elusive.
In mammalian hearing systems, in which the vibrations are experienced by a membrane rather than by an antenna, motile cells are believed to be responsible for the active behaviour (Ashmore & Gale 2004; Fettiplace & Hackney 2006) ; hair cells can entrain and their collective, self-sustained motion is capable of influencing the membrane dynamics (Hudspeth 1985; Howard & Hudspeth 1987; Nadrowski et al. 2004) . Hair cells, cilia and beating axonemes have been previously modelled and analysed (Lindemann 1994; Camalet & Jülicher 2000; Dillon & Fauci 2000; Riedel-Kruse et al. 2007 ): a key feature of such models is the ability of the ciliar units to induce forces.
The working hypothesis serving as a premise to the work presented here is that each prong and associated series of scolopidial units are capable of acting in a dual capacity, sensing nanoscale mechanical vibrations on the one hand and, crucially, generating and transmitting a force to the spoke and the antennal shaft on the other.
The purpose of this study is the development of a simple mathematical model of the process of hearing in mosquitoes. Specifically, a formal and predictive model is developed to explain the active mechanisms at work in the auditory system of T. brevipalpis. We seek to extend the work of Jackson et al. (in press ), which introduced a plausible model in the form of a complex Ginzburg -Landau equation that was able to capture the features present in experimental data. The model we propose includes details at a microscopic level, rather than starting from an aggregated macroscopic viewpoint. Specifically, we will include in our model an array of a large number of individual sensory neurons, each with its own dynamics, and couple them to a model of the antennal shaft.
The paper is structured as follows: in §2, we give an overview of the key findings obtained with our model, which is derived in detail in §3. In §4, we identify plausible parameter ranges for the model. Numerical simulations and comparisons with experimental results are given in §5. In §6, we give physical interpretations of the results and comment on possible model refinements.
OVERVIEW OF KEY FINDINGS
In this section, we will give a brief account of the main results obtained by our model. Even though a detailed derivation can be found in §3, we will anticipate here that the model is based on three ingredients (see figure 2 for reference): the antenna (OA), the prong (BOC) and the threads (bundles of scolopidia, colour coded in the schematic). The antenna and the prong form a rigid body, pivoting around O. The external sound field (torque M s in figure 2 ) acts on the antenna, inducing oscillations on the prong. The sound-induced antennal oscillations compress the threads, sitting just underneath the prong. When the compression is above a certain threshold, the threads respond with an impulsive force (a twitch), influencing the antennal dynamic. Starting from these basic assumptions, the model agrees both quantitatively and qualitatively with a series of experimental results.
(i) Free oscillations. In the absence of external forcing, some specimens of mosquito exhibit free oscillations at around 330-350 Hz and variable amplitudes. The self-oscillations single out the proper frequency of the system V. In figure 3 , we show that the model can support free oscillations at V % 330 Hz. Such oscillations are robust to perturbation in the damping and stiffness of the antenna (parameters d and k in table 1). Experiments suggest that not all individuals feature free oscillations. This is confirmed by numerical simulations where we find that free oscillations are not robust to perturbations of the parameter controlling the thread's charge rate: if the threads are too responsive or not responsive enough, free oscillations disappear (see figure 4 and related comments on the parameter l 2 ). (ii) Nonlinear amplification and hysteresis. When the animal is subject to harmonic forcing with constant frequency v s and slowly varying amplitude A, the antenna exhibits nonlinear amplification at A % 0.4 mm and saturates towards A % 1.0 mm. This process is also found to be hysteretic. In figure 5 , it is shown that the model matches the experiments remarkably well. A detailed explanation of how hysteresis is supported by the model is given in figure 6 . (iii) Amplification loss owing to changes in the forcing frequency. Experiments suggest that the antenna features amplification when the stimulus frequency is slightly below resonance, v s /V , 1. Figures 7 and 8 confirm that the model agrees with the experiments both qualitatively and quantitatively. (iv) Gain -frequency response. When studying the antennal gain as a function of v s , we see that, after transition (at A % 0.4 mm), the gain spectrum has a narrower bandwidth and a much sharper amplification ( figure 9 ). This is in excellent agreement with the experiments reported in Jackson et al. (in press ). (v) Amplification loss owing to hypoxia. When the animal is subject to hypoxia (through CO 2 ), the antenna loses both amplification and hysteresis. This is reflected by the model as well (figure 10) if we modify the thread responsiveness (parameter l 2 ) or exerted force (parameter b). (vi) 2 : 1 resonance of the compound action potential.
In experiments, it is possible to measure the compound action potential of the neurons at the base of the antenna. It has been observed (Jackson et al. in press ) that the compound action potential signal has a frequency component at twice the forcing frequency v s . In the model, we can define an averaged function of the thread activity. In figure 11 , we show that the thread activity in our model also has this double frequency.
MODEL DEVELOPMENT

Simplified mechanical model
In this section, we introduce the model we chose to represent the mechanosensory portion of the mosquito hearing system, namely Johnston's organ, that serves to detect and actuate the motion of the antenna. Our study is built upon the experimental work of Jackson (2007) , which identifies the key features we seek to model: namely free oscillations, nonlinear amplification and bistability and 2 : 1 resonance. Jackson et al.
(in press) also proposed a macrosopic model of the Figure 2 . Schematic of one radial slice of the mosquito antenna and its support structure (not to scale). Here, the flagellum is modelled by a rigid rod (OA) of length L that is rigidly attached at O to a rigid prong (BC ) of total length 2aN. At regular intervals along the prong, 2N threads (colour coded for later visualization purposes) are attached with regular separation a. The external sound field is modelled as an applied moment M s .
mosquito hearing system, which coupled a linear oscillator representing the antenna to a space-independent complex Ginzburg -Landau equation representing the ensemble of scolopidial units. While their modelling study could qualitatively predict the experimental data, the question we shall address is how to include microscopic details, such as the contributions of individual scolopidial units, in a model of the mosquito hearing system. This will enable us not only to incorporate measurable physiological parameter values into the model, but also to pose questions about the function of the scolopidia. Furthermore, questions such as the emergence of synchrony between groups of scolopidia can only be answered with a microscopic approach.
For the frequency range in which the mosquito seems most sensitive (in the range 8 -500 Hz), the flagellum is known to respond to the external sound field predominantly in a rigid body mode (Göpfert et al. 1999) . That is, the structure inside the pedicel, to which the flagellum is attached, acts like a rotational spring of significantly lower stiffness than that of the flagellum itself.
In what follows we shall suppose that the sound field comes from a single well-defined direction and that the antenna undergoes planar motion. Moreover, for simplicity, we suppose that just a single prong is active. This is, of course, a simplification, which enables us to factor out the radial symmetry of the problem, and in reality our single prong may represent a small radial sector of prongs.
The structure along each prong is as depicted schematically in figure 2 . At approximately evenly spaced distances along the radius, structures known as scolopidia are connected to the prong in a direction transverse to the basal plate. The other end of each scolopidium is attached to another fine structure, composed of a neuron surrounded by a sheath of dynein, a contractile material. Experimental evidence (Robert & Göpfert 2002; Göpfert & Robert 2007) suggests that these scolopidium -dynein -neuron structures are capable of both passive translation of the antenna motion into an electrical signal and active mechanical amplification of the antenna motion. Each prong has several thousand of these mechanosensory units attached (the total of 16 000 inside Johnston's organ is comparable to the number of active units inside the human cochlea). 
where L p is the length of the prong. In truth, the physiology is more complex than we have just described (figure 1). In particular, the prongs are not simple linear structures, but are instead somewhat curved. Specifically, each prong curves upwards (i.e. towards the direction of the axis of the antenna) with increasing radial distance from the base of the flagellum. The orientation of the threads varies accordingly, so that they are locally approximately perpendicular to the tangent plane of the prong family. Also, the lengths of the threads vary greatly, with those nearer the base of the flagellum typically being shorter. There are also different types of scolopidia found in Johnston's organ, differing subtly in their physiology (Clements 1963) , and it is not clear whether all act both passively and actively. We shall assume for simplicity that each thread is capable of acting in this dual capacity role and, crucially, that each thread along the radial prong is capable of transmitting a force to the antenna.
In summary, we have simplified the geometry of Johnston's organ, composed of the antenna and an ensemble of scolopidia and neurons, considerably. We now proceed to discuss the details of the dynamics, (in press) (dashed lines). In both settings, the amplitude of the applied sound field is increased (red) and then decreased (black) quasi-statically. The amplitude of the oscillations is plotted on the vertical axis. Hysteresis is found when the excitation frequency is slightly below the natural frequency of the system. Numerical parameters used for the simulations: Active hearing process in mosquitoes D. Avitabile et al. 109
both passive and active. The key aspect of the model is the way in which the flagellum responds to the external sound field, and the subsequent two-way interaction between the antenna and the threads, transmitted via the prong. The threads respond to the motion of the prong, with their own dynamics, and are further able to exert a force back to the antenna ensemble. We shall discuss these issues in more detail below.
Macroscale modelling
We suppose for simplicity that the prong and flagellum together act as a single rigid body, whose motion we model as a damped rotational spring, with stiffness to inertia ratio k, and viscous proportional damping, with ratio c. Thus the equation of motion for the angular inclination of the antenna from its (vertical) rest state can be written as
where dots denote differentiation with respect to time, J is the moment of inertia of the antenna and M ext (t) is an external applied moment. When acting purely passively, M ext comprises the applied moment M s (t) on the structure that is transduced from the external sound field. In general, though, for a healthy insect, there will be a contribution to M ext (t) from the active response of each of the 2N threads that are connected to the prongs as discussed earlier. That is, we suppose of forcing and neglecting the coupling with the threads, we have
When the antenna is subject to the external sound field, we amend the previous equation to be
This implies that the antenna experiences a damping proportional to the relative velocity between the flagellum itself and the external field u s (motivated by the fluid-induced stress forces of flow moving past a cylindrical obstacle derived by Stokes and reported in Humphrey et al. (1993) ). In equations (3.1) and (3.2), this corresponds to the choice M s (t) ¼ cJu s (t). Hence, if the external applied moment owing to the sound field, M s , can be viewed as a superposition of M harmonics, it can be written as
where X j and Y j are constants. In equation (3.3), c has been replaced by a new parameter c s . In this way, we are able to independently vary the damping on the antenna (via changing c) and the forcing M s (via changing c s ).
In what follows, we will assume the sound to be a pure sinusoid with amplitude X 0 and frequency v s .
This leads to our final expression for the external moment
where L is the length of the antenna (figure 2).
Model of the threads
Given the absence of a detailed understanding of the function of the mechanosensory units in Johnston's organ, we shall take a very simple approach to their modelling. Since it is believed that antennal motion activates the scolopidium/neuron units and causes the firing of action potentials and the exertion of a force upon the antenna, we shall associate with each thread a potential n i that loads as a function of antennal displacement and dissipates through natural leakage. Furthermore, when the potential reaches a threshold, we shall say that a force is exerted on the antenna and that the potential is reset to its resting level. There will then follow a period of quiescence, before which the thread potential can begin to increase again. Hence the model for each thread's potential is similar to that of an integrate and fire neuron (Tuckwell 1988) , with the addition of force generation. It must be highlighted, though, that threads are intrinsically different objects from (bundles of ) neurons, in that the former are capable of providing a mechanical force. To make this distinction clear, we will say that the thread twitches, rather than fires, when its potential reaches Active hearing process in mosquitoes D. Avitabile et al. 111
threshold. We discuss a more detailed physical interpretation of the threads in §6. Assuming, for simplicity, that all threads have identical physical properties, the evolution of the potential n i of the ith thread (relative to its rest potential) is given by _ n i ðtÞ ¼ Àl 1 n i ðtÞ þ l 2 Qðx i ðtÞÞ ð3:5Þ
until n i (t) ¼ h i , the threshold for the ith thread, at time t ¼ t ij , at which time we say the thread twitches. At this time, the potential n i is instantaneously reset to zero and is forced to remain there for a time d, so that
whereupon the potential can begin to increase again, according to equation (3.5).
Here, l 1 and l 2 are positive constants representing the rate of leakage and charging, respectively, and d . 0 measures the refractory time following a twitch before charging can recommence (assumed to be identical for all threads). The function Q(x i ) represents the behaviour of an ion channel gate that opens when the extension (or compression) x i of the thread is sufficiently large, such that Q ¼ 0 for no stretch (gate closed) and Q ¼ 1 for sufficiently large extension (gate open). Here x i is measured with respect to a datum such that x i ¼ 0 when the system is in equilibrium (i.e. when the prong is horizontal in the orientation depicted in figure 2 ). For simplicity, we shall assume that Q is a simple switch, namely Q ðxÞ ¼ H ðx À sÞ; for some constant s . 0, where H is the Heaviside step function. Now, from simple geometry, we have
since u is small (the angular displacement is typically of the order 10 23 rad). To close the model, we must make assumptions about how the threads act on the antenna. In other words, we must specify how m i (t) depends on the dynamics n i (t). We suppose that, when the ith thread twitches, it transmits an impulsive force to the antenna. In keeping with the assumption that the discharge Q of the thread is a step function, we suppose that the impulse has infinitesimal duration when compared with the time constants of the input sound and the free dynamics of the antenna. For simplicity, we suppose that each thread transmits the same force f that, owing to the geometry, leads to a moment fai. Thus, we have Note that it is not clear physiologically whether the threads become active as a result of extension or compression. Furthermore, the sense of the force exerted with regard to the antenna (whether a positive or negative moment) is also a matter of debate. However, we can choose to explore these issues by simple changes of sign of parameters; an issue we shall explore further in §5. Active
. Mosquito hearing model
Summarizing the information presented earlier, we can write a closed model for the mosquito hearing system
where a dot means differentiation with respect to time and t ij is defined as the jth time at which thread n i reaches the threshold value h. For practical computations, the Dirac-d functions are replaced by reset rules applied at t ¼ t ij . If we collect in
the threads that twitched at time t ij and denote the times immediately before and after twitching by t ij
( To see qualitatively how such a model can lead to amplification of ambient oscillations, consider an input with small amplitude M(t). This will lead to a forced response u(t) that is also of small amplitude. If this amplitude u max is less than N/a, then x i , s for all threads, and hence there is no active amplification. If M is of moderate amplitude so that 1/a , u max , N/a, then those threads that are sufficiently far from the antenna will twitch and there can be an active amplification. However, there will be an upper saturation to the amount of amplification if u max . N/a since then all threads twitch and further increase in u max will not occur.
Rescaling
Given that the amplitude and time scales concerned are very small, it is convenient to rescale and non-dimensionalize the governing equations of motion (3.7) and (3.8).
We therefore choose to rescale the angle u, time t and neuron voltage n i with characteristic angle R, time T and voltage V scales, so that
where f, t and h are the dimensionless angle of the antenna, time and potential of thread i, respectively. Since the threshold of mosquito hearing is at an antenna tip displacement L t % 10 nm, and the antenna has length L % 2 mm, the threshold angle is
It is convenient to rescale time using the natural frequency of oscillation of the antenna V, which is measured to be around 400 Hz (Jackson et al. in press), so
The most obvious candidate for the scale constant of the thread potential is to use the reset threshold, so that
Therefore, if we replace the Dirac-d functions by reset maps, the equations of motion become, for t ij , t , t i,jþ1 , j ¼ 1,2, . . .
where prime denotes differentiation with respect to rescaled time, t, and the dimensionless parameter values are given in terms of the original parameters and scale constants via
PARAMETER VALUES
It is important for any model to provide estimates of the sizes of the relevant parameters in the system, derived from direct measurements, or physiologically plausible estimates, where appropriate. The rescaled parameter values we have derived are summarized in table 1, and are derived in more detail.
Antenna damping and stiffness: d and k
The damping and stiffness values are linked to the natural frequency of the passive antenna system. It is possible to derive a simple equation involving k and d by noting that free oscillations (at frequency V) correspond to eigenmodes of the differential operator on the left-hand side of equation (3.7). We can solve the eigenvalue problem
! and find the eigenvalues to be
Free oscillations at frequency V imply
or, using the dimensionless parameters introduced in the previous section,
This leads us to the desired relation between k and d
From experiments on free oscillations, it would seem that the passive damping is subcritical 
External sound field: a
We recall that the external sound field intensity is controlled by the non-dimensional parameter a introduced in equation (3.9) and defined as
In the expression for a, some parameters are already determined: they are R % 5 Â 10
26
, V % 800p rad s 21 and L % 2 mm. To compute a, we need to specify three other parameters that are characteristic of the external sound field, namely its damping coefficient d s , its frequency v s and its amplitude X 0 . For the damping, we assume d s ¼ 0.9 (almost all the sound field is intercepted by the antenna). In experiments (Jackson et al. in press), the excitation frequency is usually below resonance, v s ¼ 700p rad s 21 (approx. 350 Hz), whereas the spatial displacements X 0 vary between 0 and 1.0 mm. As a result, a can assume the values a [ [0,78.75].
Charge constants: l 1 , l 2 , D, s
Owing to the lack of direct measurements of the detailed function of individual scolopidia and neurons inside Johnston's organ, there is a considerable degree of uncertainty with regard to all the thread parameters. However, it seems reasonable that the thread time scales (charge, decay and refactoriness) are all commensurate with the time scale of the antenna oscillation. Therefore, we choose, as an initial starting point, that the charge time, decay time and refactory period are all of the order of 1 ms, which gives rise to unscaled parameters given approximately by
Therefore, the rescaled parameter values are given by
However, we shall explore the consequences of variation of these quantities as part of our investigation. Estimating that the threads' charge threshold is more speculative, threads must support both free oscillation and forced oscillation. In the regime of forced oscillations, the scolopidia provide nonlinear amplification when the tip displacement L a is between 0.6 and 1.2 mm (Jackson 2007) .
This suggests that the most sensitive threads (those furthest from the antenna, labelled +N in figure 2 ) are active at the threshold angle u a
and thus that
Therefore, we choose s [ [60N,120N ] when the antenna is subject to external sound fields. On the other hand, there is certainly electrophysiological activity for very small antenna tip displacements (approx. 10 nm, in the free oscillation regime). This would suggest a threshold at s ¼ N.
Neural force constant: b
We recall that the threads force the antenna via the parameter b introduced in equation (3.12) and defined by
where we have expressed f as the product of F, the force applied by a single scolopidium, and N b the number of scolopidia contained in each bundle. The force F is again somewhat difficult to estimate, as there are no direct experimental measurements, but it seems plausible that F is of the order of 1 pN to 1 nN. We determine a via geometrical considerations (figure 2) expressing it as the ratio between the prong half-width, L p % 200 mm, and the number of threads N, and choose N b ¼ 200. Finally, we need to calculate J, the moment of inertia of the antenna/prong system. Assuming that the vast majority of the mass is in the antenna (of length 2 mm, compared with 200 mm for the prong) and that the Active hearing process in mosquitoes D. Avitabile et al. 115 antenna is rod-shaped, pivoting about its base, we have
where M is the antenna mass, and r, r and L its density, radius and length, respectively. We have that r ¼ 1100 kg m 23 (Humphrey et al. 1993) , L ¼ 2 mm and r % L/100, so
Assuming that there is extra mass, and hence inertia, in the hairs of the male antenna, we take J % 10 214 kg m 2 . We can then use expression (4.1) for b and, owing to the uncertainty of F, we have b [ [10/N,100/N ].
SIMULATIONS
Having derived physiologically plausible parameter values for our simple mosquito hearing model (3.9) -(3.14), we are now in a position to investigate its behaviour numerically and compare with experimental data. For the sake of clarity, we re-write the equations here: for t ij , t , t i,jþ1 , j ¼ 1,2, . . . , we have
We have simulated the mosquito model via an explicit fourth-order Runge-Kutta scheme. The reset times t ij have been determined as follows: at each discrete time t k , we select those variables h i that have stepped above the threshold, and then set t 2 ¼ t k and t þ ¼ t k þ Dt, where Dt is the simulation time step.
We have performed several different types of investigation, motivated by the experimental observations described in §1, the results of which are reported in § §5.1 and 5.2. First, we explore the capacity of the model to exhibit self-oscillations (which also permits an exploration of the variation of thread parameters). We then go on to explore the capacity of the model to exhibit the nonlinear amplification and hysteresis seen in experiments and again explore the dependence on parameter values in the model. In what follows, we denote the mosquito model (5.1) -(5.5) as the compress and pull model. The reason for this is that we have assumed so far that our threads start charging under compression (H(if 2 s) ¼ 1 when if . s) and their twitch results in pulling the prong (b . 0). We summarize the possible models in table 2. Owing to the symmetry of the physical model, the compress and pull and extend and push models are completely equivalent: thread i of the former replaces thread 2i of the latter, and we can pass from one model to the other by changing sign of the initial conditions of the antenna. Similarly, the model compress and push is completely equivalent to extend and pull. This symmetry allows us to consider only two families of models, namely compress and pull and extend and pull. As we shall see, the compress and pull model gives more plausible results, and in all simulations presented below, the reader should assume that we have used this model unless stated otherwise. Table 2 . Overview of various possible threads' models. (Threads can be assumed to charge under compression or extension, and they can provide the prong with a pull or a push. Compress-pull and extend-push models are equivalent. Similarly, a compress-push model is equivalent to an extend-pull one.)
compress -push extend-push
Free oscillations
As a first numerical experiment, we shall show that model (5.1) -(5.5) is capable of reproducing the selfoscillations that have been previously reported experimentally (Jackson et al. in press) . To this end, we set a ¼ 0 and impose non-zero initial conditions. In figure 3 , it is shown that the model supports free oscillations: the system approaches a stable periodic orbit as time increases. The orbit plotted in the (f, ḟ ) plane shows a good qualitative agreement with the experimental results. The frequency of oscillations is found to be at around 330 Hz, as it was found in the experiments.
A time plot of f (figure 12) reveals that the antenna follows almost-sinusoidal oscillations. To gain some insight into the dynamics of the system, we have identified each thread with a distinct colour and marked the twitching times with a bullet point of that colour.
As expected, a key role is played by threads 2N and N (the extremal threads). First, such threads determine the minimal perturbation that must be applied to the trivial rest state in order to obtain free oscillations: if the perturbation is too small, the extremal threads are not allowed to start charging. If no thread charges and twitches, the antenna is a free damped oscillator and any initial perturbation of the unforced system dies out. Second, the external threads are the most influential in the system, in that they provide the antenna with the largest torque: when the thread N twitches, it might provide enough energy to allow the thread N 2 1 to twitch at a later time. In its turn, thread N 2 1 triggers its neighbour in a cascade. Figure 12 shows clearly the twitching pattern: selfoscillations are sustained by an underlying wave of twitches travelling from the outside towards the inside of the prong. For positive u, the antenna receives energy from the positive threads. Such energy is partly dissipated during the free flight, but it is enough to induce thread 2N to twitch. In its turn, thread 2N triggers all the negative threads to twitch.
The periodic orbits shown earlier are not the only self-oscillations supported by the mosquitoes' system. By varying the physical parameters and initial conditions, we find other kinds of periodic orbits. Examples are included in figures 4 and 13.
In figure 4 , we study the appearance and disappearance of self-oscillations as parameter l 2 is varied; recall that l 2 is the scolopidia bundle charge rate and that a high l 2 means that the threads reach the twitching threshold very quickly once they are allowed to charge. In figure 4a , we see self-oscillations for l 2 ¼ 1.35; if we decrease l 2 and keep fixed all the other parameters (figure 4b), some of the internal threads fail to twitch and oscillations die out. On the other hand, if we increase l 2 too much, some threads twitch twice per period (figure 4c): this can have a destructive effect on the oscillations, as can be seen in the picture at around t ¼ 30. Indeed, the first twitch of thread N has the effect of accelerating the antenna, while the second twitch decelerates it, causing the oscillations to disappear progressively. Free oscillations involving a limited number of threads are also supported by the system: in figure 13a , we show oscillations sustained only by the +Nth threads of an extend and pull model.
As a last example of free oscillations, we have included one obtained in a compress and pull model by increasing parameters l 2 and b. In this configuration, only threads +N and +(N2 1) are active, they twitch twice per period (as in figure 4c ), but the intensity of their pull is such that the motion of the antenna is inverted.
So far we have looked at the motion of the antenna as a function of time. We know that the antenna is coupled to the thread potentials h i , which are also functions of time. In figure 14 , we focus on the positive threads in the regime of free oscillations (N ¼ 10, compress and pull model) and show their time-evolution. From the numerical simulations, we see that the internal threads twitch once per period, whereas the most external ones are able to recharge after the twitch, inducing two spikes per period (though only one twitch, as the second spike is subthreshold). This behaviour can also be seen in figure 15 .
It is important to note that this 2 : 1 effect is not simply caused by measuring the response on both sides of the antenna: both theoretical and experimental data presented here are collected from one side of the antenna only.
This mechanism can be explained by looking at equation (5.2), upon considering that the vector field for each h i is piecewise linear. Indeed, the Heaviside functions can assume only the values zero and 1; therefore between two consecutive twitches t i,j , t , t i,jþ1 , the differential equations for h i can be rewritten as
Àl 1 h i ; otherwise:
A single thread will switch, in general, from one vector field to another, therefore, in t i,j , t, t i,jþ1 , the h i (t) are continuous, non-smooth functions formed by growing and decaying exponentials
Àl 1 t ; otherwise;
ð5:7Þ
with constants C 1 and C 2 determined by initial conditions. Threads 2, 4 and 6 in figure 14 contain only growing exponentials and identically null segments, i.e. functions of the second family in equation (5.7). On the other hand, the external threads 8 and 10 feature both growing and decaying exponentials, glued together between two consecutive twitches. This is owing to the fact that for external threads i is larger, therefore the geometrical condition if . s is easier to achieve. As a consequence, trajectories are formed by functions of both families of equation (5.7). The caption of figure 14 contains a detailed explanation of how such trajectories are formed. As we will see in the next section, this mechanism is important also when the external forcing is switched on.
Amplification and hysteresis
Under standard conditions, the antenna is subject to the action of an external sound field. In our model, this is represented by the torque M s (t) in equation (3.2). In §3.2, we have proposed an expression for M s (t) valid when the applied external sound field is harmonic with frequency v s and amplitude X 0 .
In this section, we will examine how the mosquito model responds to harmonic forcing when v s and X 0 are varied. In particular, when X 0 is varied quasistatically and v s is subcritical, the amplitude of the oscillations follows a hysteretic diagram typical of nonlinear systems.
In numerical simulations, we can adjust the frequency and amplitude of the applied sound field by t. (c) The motion of the antenna is such that if , s, the thread discharges before twitching; in this segment, we have h i (t) ¼ C 1 e 2l 1 t þl 2 /l 1 (1 2 e 2l 1 t). (d) The condition if . s holds again, the thread loads exponentially and twitches. For the internal threads 2-6, the potentials are composed only of segments of types (a) and (d): for these threads, indeed, the geometric condition if . s is unlikely to be satisfied, because i is small. acting on the parameters a and v s /V of equation (5.1). In particular, we run simulations for 0 , t , 2T and prescribe a saw-toothed behaviour for a aðtÞ ¼ gt; for 0 , t , T ; Àgt þ 2gT ; for T , t , 2T ; & where g is chosen sufficiently small (typically g ¼ 0.03) and T sufficiently large (typically T ¼ 3000) so that the amplitude variation is effectively quasi-static (exactly akin to the method used in experimental investigations). As we can see in figure 5 , numerical simulations and experimental results are in good agreement.
The hysteresis cycle is explored in detail in figure 6 . In order to have a better insight into the hysteresis mechanism, we have recomputed various solutions on the hysteresis diagram: while the hysteresis diagram in figure 6 is obtained by varying a quasi-statically, the solutions in the insets (a)-(e) are computed for a fixed a, starting from suitable initial conditions. This supports the intuition that the system possesses bistable solutions for X 0 % 0.4 mm (see figure 6b,d) .
Note that numerical and experimental curves show hysteresis with different areas. Indeed, while the linear amplification and saturation regime are superimposable, experiments feature a slightly wider hysteresis cycle. In this respect, we recall that, in the model, nonlinear amplification happens abruptly (no threads are active in figure 6b , but all threads are active in figure 6c ). It is easy to imagine that, for large N, or for populations of non-identical threads, this process would be smoothed out and the hysteresis cycle broadened. On the other hand, we should also consider that the experimental curves refer to a single specimen of mosquitoes. The hysteresis diagram can change considerably in different individuals.
In figure 7 , we investigate hysteresis as the parameter v s /V is changed. Hysteresis is supported by the model for a range of values v s /V slightly below 1. As v s /V approaches 1, the area of the hysteresis shrinks and finally disappears. Again, this is in qualitative agreement with the experimental observations (Jackson 2007) . When analogous numerical simulations are run for the extend and pull model (figure 16), there is neither nonlinear amplification nor hysteresis, regardless of the value of v s /V.
We have then analysed how the antennal response changes in frequency. While keeping V fixed, we repeat the numerical experiment of figure 5 for forcing frequencies v s between 300 and 600 Hz and compute the gain (figure 9). For forcing amplitues below 0.3 mm, the gain spectrum is rather flat; after transition (between 0.4 and 0.5 mm), the spectrum has a narrower bandwidth and a sharper amplification: this is in excellent agreement with the experiments (Jackson et al. in press) .
The frequency dependence can also be seen in figure 8 , where we show the tip displacement for stimuli above and below resonance: the agreement with the experiments is striking. When stimulated above resonance, the animal does not exhibit amplification.
It has also been found in experiments (Jackson 2007 ) that animals subject to hypoxia (through CO 2 ) lose their amplification and hysteresis capabilities. We have collected numerical and experimental results in figure 10 . It seems reasonable to assume that hypoxia can influence the charging time of the scolopidia: under the effect of CO 2 , the scolopidia would be less responsive. In figure 10a (ii), we show that amplification and hysteresis are sensibly affected when the charging time parameter, l 2 , is decreased by approximately 60%. Another possiblity is that hypoxia has the effect of decreasing the forces exerted by the scolopidia: in figure 10 , it can be seen that decreasing the parameter b has an effect similar to decreasing l 2 .
Finally, we examine the behaviour of the threads in the regime of forced oscillations. In order to do that, we monitor the thread potentials h i (t) via the average potentials Active hearing process in mosquitoes D. Avitabile et al. 119
which measure the compound action of the threads on each side of the antenna. As shown in figure 17 , the positive (respectively, negative) threads twitch out of phase (respectively, in phase) with the external stimulus. The overall effect is that the threads provide always a torque of opposite sign with respect to M s .
In figure 11 , we show the spectrum of h(t): the threads have multiple resonances with the forcing frequency v s . This is also found in experiments (Jackson et al. in press) , where the compound action potential of an ensemble of neurons is recorded and transformed in the frequency domain. The numerics and experiments are in good agreement, both showing strong 1 : 1 and 2 : 1 resonances. The numerics also show higher resonances that are not seen experimentally; whether this is due to limitations in the modelling or to the limitations of data collection remains an open question.
CONCLUSIONS
In this paper, we have proposed a simple mechanical model to describe the active hearing process in mosquitoes. The system is based on the description of the antenna as a forced-damped oscillator coupled to a set of active threads that provide an impulsive force when they twitch. This twitching is in turn controlled by channels that are opened and closed if the antenna oscillation reaches a critical amplitude. Even with such a simple description, the model seems to match adequately the experimental observations both qualitatively and quantitatively. The mosquito model is characterized by a large number of parameters, some of which are hard to determine due to uncertainties in the physical quantities involved. We have demonstrated that the main phenomena discovered in recent experimental results can be reproduced for a biologically plausible range of parameter values. Furthermore, our model is able to propose a mechanistic explanation of these observations. First and foremost, the self-oscillations observed in some individuals, the nonlinear amplification and consequent observed hysteresis all point to an active process that provides input-amplitude-dependent additional forcing. From the physiology of the mosquito ear, we have concluded that this forcing must arise in the scolopidium -dynein -neuron structures. It is known that they contain ion channels that open in the presence of mechanical stimulation. Our central hypothesis then is that, when sufficient stimulation is provided, the ion channels open and charge the scolopidium until it twitches. Determining the precise mechanism of this charge and twitch process remains beyond the realm of current experimental techniques, but it is reasonable to assume an analogy with neuronal integrate and fire processes in which the twitch occurs once the potential has reached a certain threshold. Based on these assumptions, our model makes several predictions that agree with experiments. First, that the switching on of the mechanical stimulation (at about 0.5 mm; figures 5 and 6) occurs when the first group of threads start to twitch. The rapid growth in gain from slightly larger amplitude input is caused by more and more of the threads twitching. The saturation of this gain at yet larger amplitude is due to the external threads beginning to twitch twice per period.
Another conclusion from the model is that amplification and hysteresis occur for sound inputs that are just below the primary resonant frequency of the system (figures 7 -9). Thus, the model provides a softening nonlinearity just as observed experimentally. Note that this effect is seen only under the hypothesis of a compress and pull mechanism rather than an extend and pull. As already explained, it is not possible to distinguish in the models compress and pull and extend and push, but the clear conclusion, which can be hopefully tested experimentally when more refined techniques are available, is that the sense of the force provided by the twitch agrees with the sense of the displacement that opens its ion channel.
The model presented here confirms that physiologically compromised animals do not exhibit amplification and hysteresis, as found in experiments: the main assumption is that hypoxia can influence the thread responsiveness.
Another feature of the model is its ability to capture self-oscillations, albeit for a slightly different range of parameters from those used to show hysteresis effects (compare the parameters used in figure 3 with those used in figure 5 ). While the interpretation and fitting of model parameters to any biological system are often fraught with difficulty, this nevertheless fits the experimental observations that only some individuals display self-oscillations (Jackson et al. in press) and of those that do there is a significant variation from individual to individual (see also figure 4) .
Nevertheless, the proposed model is capable of many refinements: we want to conclude the paper by outlining how new models can be derived from the present one. An important question to address concerns the role played by the threads in the real insect. As with all models, we have had to introduce some simplifications, and we began by thinking of threads as bundles of scolopidium -dynein -neuron units. This viewpoint has proved to be useful to determine equations governing the thread potentials and to gain insight into the parameters involved in controlling the active hearing process.
Nevertheless, the analogy of threads as scolopidiumdynein -neuron bundles could be subject to criticism. It is known, for instance, that in the mosquitoes there is electrophysiological activity even for very small forcing amplitudes, and before the onset of any significant nonlinear gain or hysteresis (Jackson et al. in press ). In our model, the threads start to load and twitch only in proximity to the nonlinear amplification threshold. A potential resolution to this apparent contradiction is that each thread has a dual capacity and that neuronal sensing (owing to charging of the neuronal axon) is a separate process to the mechanical twitching, which is charged by the opening of ion channels on the scolopidium itself.
Furthermore, in each of our threads, we condensed both an electrical sensor (charge and discharge constants, action potentials) and a mechanical actuator (twitches). It is still unclear what is the precise biological counterpart of the threads proposed here.
Thus, in the primitive auditory mechanism of mosquitoes, the cells providing mechanical forces are essentially separated by the activity of the neurons: right underneath the prong, the scolopidia would be the most obvious candidates for transmitting a force to the antenna. Connected to them, it is plausible to hypothesize that a set of neurons would turn mechanical motion into electrical signals. In this framework, scolopidia could oscillate with their own frequencies and their motion would be well described by a stable limit cycle. The force transmitted by the prong would entrain the scolopidia, giving rise to nonlinear amplification. The nature of the feedback between neurons and scolopidia (and, indeed, between different neurons) remains very much an open question.
Another possible interpretation of our model is that threads presented in our model can be thought of as lumped-parameter entities that measure the coherence of a bundle of underlying oscillating scolopidia. The ith thread represents an ensemble of scolopidia in a certain region of the prong, and the variables h i are a measure of how coherent the scolopidia are in that region. When h i is close to zero, the underlying scolopidia are incoherent; when the forcing provided by the prong exceeds a given threshold, the scolopidia oscillate coherently and they are capable of forcing the prong (when h i ¼ 1).
In order to proceed towards a more refined model, which would take into account individual scolopidia and their entrainment, more experimental data are needed at the microscopic level. In any case, the coarse-grained model presented here gives us an idea of the order of magnitude of the mechanical work done by the scolopidia, and it can guide us in future refinements.
The numerical results presented here also generate new questions. In our description of the system, for instance, all threads have the same material properties, but their impact on the dynamics of the antenna varies according to the spatial location of the threads: intuitively, an external thread induces a much larger torque than an internal one. However, the true Active hearing process in mosquitoes D. Avitabile et al. 121 physiology of the threads is more complex, owing to the curved arrangement of Johnston's organ, and a further investigation of the effect of the consequent mechanical variation of each thread is another topic that we defer for future work.
